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Nematic liquid crystals confined between two different substrates, possessing alternating
stripe patterns of planar and homeotropic anchoring, are studied within the Frank—Oseen
theory, in which the anchoring energy function is given by the Rapini-Papoular expression.
By numerical minimization of the free energy we determine phase transitions between
uniform and distorted nematic textures. The calculations reveal that these phase transitions
can be triggered by changing the shift of the stripe patterns with respect to each other. A
hybrid nematic cell model together with an effective anchoring strength can be used to
describe the phase behaviour for sample thicknesses larger than the periodicity of the stripe
pattern. Rich phase behaviour is predicted for the case of a generalized expression for the

surface free energy.

1. Introduction

Alignment of nematic liquid crystals (NLCs) induced by
surfaces is interesting both from practical and funda-
mental points of view. The presence of a limiting surface
breaks the rotational symmetry of the liquid by
imposing a preferred orientation on the adjacent mole-
cules. Thus, in the absence of external fields or other
surfaces, the average molecular orientation n (the
director) adopts in the bulk a particular orientation
called the easy axis or the anchoring direction [1, 2].
This phenomenon is known as anchoring. If i at the
surfaces changes when a bulk deformation is imposed
the anchoring is referred to as weak, otherwise it is
termed strong. If there is only one orientation of n
favoured by the NLC—surface interaction, anchoring is
said to be monostable; if there is a degenerate set of
such orientations it is called multistable. In particular,
bistable anchoring has received attention recently,
because of potential applications in liquid crystal (LC)
display devices [2-10]. One of the means for obtaining
bistable anchoring is a SiO film evaporated under
oblique incidence [3]. Recently it has been demonstrated
that periodic surfaces can also be used to obtain bistable
nematic devices and the role of surface grating
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structures [9] and defects near the surface [10] has been
studied.

It is well known that surface inhomogeneities, such
as surface roughness [11, 12] or patterns of different
surface composition [13-16], influence anchoring of
NLCs. These inhomogeneities are usually in a nan-
ometer range, implying that the surface is macroscopi-
cally homogenecous because the thickness of the
boundary layer, where the director field is non-uniform,
is comparable to the fundamental wavelength of the
surface pattern [13]. More recently it has been shown
that patterned surfaces with a fundamental wavelength
in the micrometer range are also of great interest [17-
21]. For example, a pattern of different anchoring
regions can be obtained by means of self-assembled
monolayers on both flat and curved surfaces [17]. It has
been shown that the alignment of LC molecules can be
determined just by the pattern of boundary lines
between different regions and the LC elasticity [18].
Adjacent regions of planar and homeotropic anchoring
have been created by micro-contact printed polar and
apolar thiols, respectively, on an obliquely evaporated
ultra-thin gold layer [20].

In this paper we study a NLC in contact with flat
periodically patterned surfaces. The pattern is formed
by stripes of alternating homeotropic and planar
anchoring. The NLC is described within the Frank—
Oseen theory [22], and the anchoring energy function is
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given by the Rapini-Papoular expression [23]. Our
model is similar to the one introduced by Barbero et al.
[14]. In previous studies we have applied this model to a
NLC in contact with a single periodic substrate [24] or
placed between two identical periodic substrates [25].
We have studied the influence of the cell thickness D on
the nematic textures and the NLC mediated interaction
between the substrates [25]. Here we generalize the
model to allow for different stripe patterns on each
surface, as well as for a shift of one pattern with respect
to the other.

One of the objectives of the present work is to study
the anchoring energy function for periodically patterned
substrates. If the distance from a single substrate is large
in comparison with the periodicity of the surface
structure p, the texture of the NLC is uniform. Thus,
on scales large compared with p the substrate is
effectively homogeneous [13, 14]. The anchoring prop-
erties of such an effective homogeneous substrate are
usually different from the local anchoring properties of
the constituent regions. Using the Rapini-Papoular
expression [23] for the local anchoring on each stripe,
we show that the anchoring on the effective homo-
geneous substrate obtained from our model is governed
by an anchoring energy function that deviates from the
Rapini-Papoular form. We draw this conclusion from
studies of a hybrid nematic cell (HNC) with two
patterned surfaces of competing effective anchoring.

Section 2 presents phase diagrams of a NLC confined
by two flat substrates possessing an alternating stripe
pattern of planar and homeotropic anchoring. The
effective anchoring strength of a single substrate, as
well as the phase behaviour of the HNC in the case
of a generalized form of the anchoring energy function,
are investigated in §3. Our results are summarized in
§4.

2. NLC between flat periodic substrates

We consider a NLC confined by two parallel flat
substrates at z=0 and z=D, where the z axis is normal
to the substrates. As figure 1 illustrates, both substrates
are characterized by stripe patterns of periodicity p
along the x axis. More specifically, in this study the
surfaces of the substrates consist of alternating stripes
of homeotropic (H) and homogeneous planar (P) (along
the x direction) anchoring. The system is translationally
invariant in the y direction. It proves convenient to
assign an index 7 to the width pffx) and the anchoring
strength coefticient wf-“) > 0 of each stripe, such that
i=1 corresponds to stripes of type H and i=2 corres-
ponds to stripes of type P. The two substrates at z=0
and z=D are designated by «=0 and a=D, respectively.
Note that p(I“) + p;) =p. The shift of the stripe patterns

(D) (D)
Dby Py

LA DL )
i T T T T .

Figurel. The system under consideration consists of a
nematic liquid crystal (NLC) confined between two substrates
at z=0 and z=D with alternating stripe patterns of home-
otropic anchoring (white bars) and homogeneous planar
anchoring (black bars). The stripes are oriented along the y
axis perpendicular to the plane of the figure, and the relative
shift of the stripe patterns is denoted by &. The widths of the
stripes and the anchoring strength coefficients are designated
by p;” and w;”, respectively.

on the two substrates with respect to each other is
denoted ¢ (see figure 1).
The free energy of the confined NLC is given by

D
F= EJ dz Jp dx[VO(x, 2)* +
2 Jo 0

o (1)
3 Jo dx [wo (x) sin® 0o (x) + wp(x) sin® Op (x)]

where 0g(x)=0(x, 0) and 0p(x)=0(x, D). The first term
on the right hand side is the distortion free energy (Fy)
[1, 22] within the one-constant approximation and
the second term is the surface free energy (F;) adopting
the Rapini-Papoular form [23]. The anchoring
strengths are specified by periodic step functions:
Wwa(x) =w(” and w,(x) = —w for values of x on the
H-stripes and P-stripes, respectively. A shift of one
stripe pattern with respect to the one on the other
substrate is taken into account in terms of w,(x), and
¢=0 means that the midlines of corresponding H-stripes
and P-stripes at z=0 and z=D have the same x
coordinates (see figure 1). For obvious symmetry
reasons it is sufficient to consider only 0<e<p/2. It
proves convenient to introduce extrapolation lengths

b =K / w1,

Minimization of F with respect to 0(x, z) leads to the
Laplace equation:

V20(x, z)=0 2)
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with two boundary conditions:

KW - %W()(x)sin[wo(x)] 5
K%j) - %WD(x)sm[zeD(x)]

There are three possible solutions of Equations (2) and
(3): O(x, 2)=0, O0(x, z)=n/2, and O(x, z)#const. The first
two solutions correspond to uniform homeotropic and
planar textures denoted by U, and U,,, respectively.
The third solution describes a non-uniform texture
designated NT. This texture exhibits an average tilt of
the director with respect to the normal (averaged over a
period of the structure).

In the case of a single substrate (semi-infinite system)
the second boundary condition in expression (3)
becomes lim._,..00/0z=0 [24]. A periodic substrate
induces an anchoring direction, which we call the
effective anchoring direction (denoted H;eff)) in order to
distinguish from the local anchoring directions of
different regions in the surface pattern. In the absence
of external fields or competing surfaces the director n
adopts the orientation #°" when the distance from the
substrate is large compared with the period of the
pattern. Note that as long as the substrate is assumed to
be flat the NT type always corresponds to effective
anchoring directions 0 < Hffff) < m/2, hence, NT also
means a non-uniform tilted texture. In the case of two
substrates the NT type can also mean that the average
tilt changes throughout the sample, for instance in a
hybrid nematic cell.

Returning to textures induced by a single substrate,
one could argue that the fact that 6(x, z)—0 far from the
surface, hence Hfff) =0 by definition, does not necessa-
rily imply that 6(x, z)=0 everywhere. A hypothetical
texture that would be homeotropic (far from the
substrate) but not identical with the U, texture could,
in principle, exist. We stress, however, that it does not
occur in our simple model (at least we failed to find it),
which means that 0" =0 exclusively for the Uy tex-
ture. Similarly, Ggeff) =7/2 exclusively for the U,;
texture. On the other hand, another type of the surface
pattern or the surface free energy can lead to a homeo-
tropic (or planar) alignment far from the substrate,
accompanied by a non-uniform director field in the
surface region. We shall return to this point in §3.3. In
particular, the inclusion of surface roughness could lead
to such an effect but this is beyond the scope of the
present work.

Instead of solving equation(2) with non-linear
boundary conditions (3) it is convenient to perform
the minimization of F in two steps. First a general

solution of the Laplace equation is obtained in terms of
arbitrary boundary functions 6y(x) and 6p(x), which
leads to the functional F[0,, 0p]. In the second step this
functional is minimized with respect to the boundary
functions. Since the second minimization has to be
performed numerically the free energy functional is
discretized as is shown in the appendix.

In figures 2(¢) and 2(b) we present phase
diagrams (in the (¢/p, Dlp) plane) of a NLC con-
fined by two identically patterned substrates
0" =" =b; and p* =p\”) =p;). The stripe widths
are equal but the strength of homeotropic anchoring
is larger than the strength of planar anchoring (h;<<b»).
Therefore the phase diagrams do not involve the U,
texture. Upon decreasing b, the phase diagrams shown
in figures 2 (a) and 2(b) differ qualitatively, and it is
worthwhile to distinguish the following cases.

(1) Figure 2(a): At large distances D the Uy texture
is stable independent of the relative shift of the
stripe patterns. This implies that each substrate
separately favours the Uy texture. The value of D
at the second order Uyp-NT transition decreases
upon increasing ¢. In the limit e—p/2 no non-
uniform texture is found because distortions of i
are energetically unfavourable in the presence of
the competing anchoring conditions on the
corresponding lower and upper stripes.

(ii) Figure 2 (b): Decreasing b,, as compared with
figure 2 (a), leads to a non-uniform texture at
large distances [24]. The U, texture is found to be
stable only if gg<<e<p/2, where ¢, depends on the
values of the parameters b;, b, and p,/p. Phase
transitions between the U, texture and a non-
uniform texture occur at two different values of
D. In both cases the transition is continuous. The
first transition, at larger values of D, takes place
because variations of i in the z direction become
energetically too costly if D decreases, reminis-
cent of the HNC behaviour discussed later. The
second transition occurs when the substrates are
close to each other. Below the transition the tex-
ture is characterized by extended regions of almost
uniform homeotropic and planar alignment
which are separated by non-uniform regions.

Figure 3 displays an alternative representation of the
phase diagram in the (p/b,, D/p) plane for various values
of ¢ and a fixed value of p/b,. The figure illustrates that
the location of the Uy—NT transition as a function of
plb, 1s practically independent of ¢ for D>p. Moreover
a reentrant phenomenon (NT-Uy-NT) is apparent for
intermediate values of .
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Figure2. Phase diagrams of a NLC confined by two
identical flat substrates with alternating stripe pattern of

planar and homeotropic anchoring (pg0> :p(ll)) =p/2) as a
function of the shift ¢ and the substrate separation D for
four values of the strength of homeotropic anchoring

by Ebg]) :bgD). The strength of planar anchoring is kept fixed
at by Eb§°> =b§D) =p/10. In the limit D—o the uniform
homeotropic (Ug) and non-uniform (NT) texture is stable in
(a) and (b), respectively.

We have also studied the case of different stripe
patterns such that the lower substrate favours either the
U, texture or a NT, whereas the upper substrate
favours the U, texture. The anchoring strength of the
H-stripes on the upper substrate is chosen to be stronger
than that on the lower substrate. The results are shown
in figures 4 (a) and 4 (b). Again we observe two Uy—NT
transitions. The transition at the larger value of D can
be explained in terms of a HNC with two effective
homogeneous substrates (see § 3.2 for the details). As is
apparent from the figures this approximation can be
used for substrate separations D larger than the
periodicity p. For smaller values of D the substrate
inhomogeneities become important, resulting in the
second Uy-NT transition. With a suitable choice of
model parameters this second transition occurs for

1 ! T T T T T
I — ¢elp=0
0.8F — elp=03
-- elp=04
Y --- elp=045 |
&0'6 ’ ? —— e/p=05
~
3 ;\‘
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0.2F ; .:\\\\ 4
. NOSTS
b TR =l
0 Ay ;-——-:"_’_. _____ ! S ——_—
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Figure3. Phase diagram of a confined NLC, corresponding
to figure 2, in the (p/b,, DIp) plane for various values of .

arbitrary values of ¢. We emphasize that the U, phase
can also be stable in the case when the lower substrate
induces a tilted nematic director n, see figure 4 (b). This
cannot be explained by the Rapini—Papoular approx-
imation [23] for the effective anchoring energy function.
We return to this point in the next section.

3. Effective anchoring on a periodically patterned
substrate

3.1. Effective anchoring strength

Let us consider a single substrate and a NLC in contact
with it. When the distance from the substrate is much
larger than the periodicity of the surface structure, the
NLC is practically uniform and the orientation of i in
the bulk is given by the effective anchoring direction
0™ Tt is of some interest to determine the strength of
the effective anchoring and its relationship to the local
anchoring strength coefficients w; and w,. A possible
approach to this problem is to place at some distance
from the substrate a strongly anchoring wall with an
anchoring direction different from the effective anchor-
ing direction of the substrate. By studying the asymp-
totic behaviour of the free energy as a function of the
wall separation it is possible to extract the effective
extrapolation length.

A more straightforward method, which does not
explicitly involve another surface, is based on a
linearized equation for the director, in which the
linearization is around the equilibrium solution [26].
Both methods are expected to give the same results [27],
which we have verified for our model. We now describe
briefly only the second method.

Let us assume that for a semi-infinite system (D—)
we know the solution of equation (2), denoted as 8*(x,
z), which satisfies boundary condition (3) at z=0. In the
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Figure4. Phase diagrams of a NLC confined by two
different flat substrates with alternating stripe patterns of
planar and homeotropic anchoring (p(lo)=p(1D) =p/2) as a
function of the extrapolation length of the planar anchoring

stripes on the upper substrate, b;D), and the substrate
separation D. The lower substrate favours the U, texture
in (a), and the NT as well as the U, texture in (b), whereas

the upper substrate favours the U, texture (for p / béD) <3.2).
The values of the remaining model parameters are given
by: p/b§°>=o.9, p/bg°>=1.5,p/b§m=20 in (a), and
p bg)) =1.5,p b(lD) =20, ¢=p/2 in (b). The dotted curves
have been obtained from asymptotic formula (8) (see text).

absence of other surfaces or external fields, 0*”(x, z)
approaches the bulk value H,ffff) exponentially as a
function of the distance from the wall. Then we consider
an external strain that deviates the director from 0"
far from the substrate. Thus, the director should be a
linear function of z for large values of z and the new

solution of equation (2) reads
0(x, ) =0 (x, 2) +00(x, z) =

(4)
0 (x, z) + Clz+(x, 2)]

4 T T T T T T T I

Figure 5. Strength of effective anchoring p/b®™ as a function
of p/b, for a single substrate possessing an alternating stripe
pattern of planar and homeotropic anchoring. The widths of
the stripes are equal. Uy-NT or U,»,—NT phase transitions
correspond to p/b®M=0.

where C is a constant and VAy=0. In the case of a
homogeneous substrate 0(z)~C(z+b) for large z, where
b is by definition the extrapolation length, which
characterizes the strength of anchoring [1, 26]. If the
strain is applied to a NLC in contact with a patterned
substrate, the director field close to the substrate must
be non-uniform, even if the unperturbed texture was
uniform. The effect of the strain is described by Y(x, z).
To obtain the boundary condition for y(x, z) at z=0 we
substitute equation (4) into the first equation in (3).
Then, using the fact that C can be made arbitrarily
small, we linearize the right hand side with respect to C

around 6 (x)=0")(x, 0). This yields

k(142

> = wo(x)cos [2egw>(x)] W(x,0) (5)
z=0

and the second boundary condition, at z=, is given by
Oyloz=0. Since Y(x, z) tends exponentially to a
constant, for z—o, 0 has the same asymptotic form as
for homogeneous substrates, i.e. 0(x, z)~C(z+b*™), for
large z. The effective extrapolation length, defined as
b =lim._.y(x, z), characterizes the patterned sub-
strate as a whole and it should be distinguished from the
local extrapolation lengths of the homeotropic and
planar regions. To find »*™ we solve the Laplace
equation with the two boundary conditions for y(x, z)
(see appendix). Having determined 4™ we can obtain
the effective anchoring strength coefficient from the
relationship w™=K/p«™.

In figure 5 the ratio p/b®™, which is proportional to
w®is plotted against p/b, for two values of p/b,. For
p/by=2, on increasing the ratio p/b, we first cross the
Uog—NT phase bounadry and then the NT-U,,, phase
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boundary. The points where p/b®P=0 lic on the
transition lines. For p/b;=5, only the NT-U,,, phase
boundary is crossed. As expected, p/b®™ is always
smaller than p/b; and p/b,. Note that by varying the
parameters of the model we are able to change w™
over a rather wide range. For comparison, we have also
shown the case b;=b,, for which the unperturbed
texture is always of the NT type.

3.2. Hybrid nematic cell

A HNC consists of a NLC placed between two
substrates with competing anchoring conditions,
usually homeotropic and planar. When the anchoring
strength coefficients are different the nematic texture is
uniform for small substrate separations and distorted
for large separations. Thus, there is a critical thickness
of the cell D, at which a continuous phase transition
occurs [28]. Application of equation (1) to homogeneous
substrates leads to D..=|byg—bp|, where by=K/w, and
bp=Klwp are the extrapolation lengths.

Here we study a HNC with two inhomogeneous
substrates defined in §2. First let us assume that each
substrate, considered separately, favours a uniform
nematic texture: planar at z=0 and homeotropic at
z=D. The effective homeotropic anchoring is chosen to
be stronger than the planar one. D. can then be
determined by minimizing the free energy functional
given by equation (1); see also equation (A6). However,
if the transition is expected to occur at a large
separation D, compared to the thickness of the
interfacial regions (~p), we may consider effective
homogeneous substrates [14]. This leads to a simplified
expression for the free energy:

K (60 — 0p)°
2D

where 7y, is the surface free energy associated with the
NLC-substrate interface, considered as a function of an
effective surface director 0, [27]. In fact, we need only
the dependence of 7, on 6, around its minimum and
maximum. To study the stability limit of the home-
otropic texture we expand y, around 6, =0, hence

F(@o , ép) = +7% (90> +7p (9D> (6)

Ry
K(6)—0
RO 01000+
2D 7
1 | (7)
=2 ) 52
5’/6/(0) 0o + EWg o
where ngﬂ 5(0) >0 is the effective anchoring

strength coefﬁc1ent for the homeotropic anchoring,
obtained from the relation w(eff) bgm, and the effec-

tive extrapolation length bl D ) follows from equation (5).

To find 7"¢(0) let us assume for a moment that the
substrate at z=D is homogeneous and exhibits strong
homeotropic anchoring; hence 0(x, D)=0. If the planar
anchoring at z=0 is weak the nematic texture remains
homeotropic for D<D, where D= p. It is easy to see
that D, at which a non-uniform solution (satisfying the
boundary condition at z=D) appears, can formally be
obtained from equation (5) by choosing (9(()00) (x)=0. The
corresponding extrapolation length l?o(eff) 1S negative,
hence, D, = —5(5“” The second extrapolation length at
z=0, b =K /yj(rn/2) > 0, corresponds to the mini-
mum of 7,(6). Note that in general ’b()(eff ‘;éb (eff)

which means that in our model y,(6y) cannot be
approximated by the Rapini-Papoular formula [23].
We do stress that although the Rapini-Papoular
formula is most widely used to mimic the interaction
of NLCs with substrates, more general forms of the
anchoring energy function have also been considered
[31-35].

In the case of weak anchoring on both substrates it
follows from equation(7) that the texture is home-
otropic if D<D,, and distorted if D>D,.., where now

Do =B ™| —b5". (8)

Formula (8) can also be applied when the lower
substrate favours a non-uniform tilted (NT) texture
instead of the Un/z texture. Indeed, to determine D we
need to know “/0 '(6y) at the local maximum 6, =0 and
not at the minimum 6, —0 (1) Thus, the derivation of
equatlon (8) for 0< 0 (eff) n/2 is the same as for

eff — /2

In our model (figure 1) the true D, results from the
direct minimization of F for samples of finite thickness,
see equation (1). Nevertheless, asymptotic formula (8),
which requires only information about individual
substrates, should be a good approximation as long as
D¢,z p. To show this, in figures 4 (a) and 4 (b) we plot
the Uy—NT transition lines in the (p/b,, D/p) plane, for a
few values of the remaining model parameters. The
curves obtained from the minimization of F exhibit a
reentrant Uy—NT transition at small substrate separa-
tions. This transition is strictly related to the inhomo-
geneous structure of the substrates, which is reflected by
its dependence on the shift e. At large separations,
however, the NT-U, transition is analogous to that
observed in a HNC with two homogeneous substrates.
This is supported by the fact that if D, =p the latter
transition is almost independent of ¢, see figure 4 (a).
We also note that the location of the transition line is
then in a very good agreement with the prediction of
asymptotic formula (8).
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3.3. 4th order polynomial form of y,, (9,1)

In this section we consider phase transitions in a HNC
in a more general context. As in §3.2, we assume the
effective homogeneous substrate approximation [14] for
the free energy of the sample, equation (6), but now the
surface free energies do not have to correspond to the
model of patterned substrates defined in §2. Here we
merely assume a simple form of the functions
70(60) and y(0p), which is a natural generalization
of the Rapini-Papoular approximation; see equa-
tions (9) and (10). The consequence of this approach is
that as long as we do not define the model of patterned
substrates, to determine the functions y,, we cannot
make any predictions about the structure of the LC-
substrate interface. In particular, we cannot claim
any longer that if the effective anchoring induced by a
single substrate is homeotropic (egff” =0) or planar
(Hffff)zn/2) the corresponding texture is necessarily
uniform (the Ug or U, texture), although it is true for
the model defined in §2. Therefore, in this context it is
better to refer to homeotropic (H) and planar (P)
textures, which may be non-uniform near the substrate,
than to the Uy and U, textures. We note, however,
that we make this distinction only for formal reasons,
as it has no practical consequences for our present
considerations. This is because the effective homo-
geneous substrate approximation is reliable only if the
cell thickness is large compared with the thickness of
the surface region. But if this condition is satisfied we
can have almost uniform homeotropic and planar tex-
tures except for thin non-uniform regions near the
substrates. Note that the textures shown in figure 6 are
denoted as the H, P and NT textures, where the NT
texture type is distorted throughout the sample in order
to satisfy conflicting anchoring conditions.

Since the surface free energy y, can deviate from
the Rapini-Papoular form we assume the following
generalization:

_ 1 1 _
70(00) = Ewocos2 6o — 2 vocos” By 9)

— 1 o 1 . 4
vp(0p) = 3 Wpsin 0p — 7 /psin 0p. (10)

We choose w,>0 and v,<w, which ensures
that 6,=0[r/2] is the minimum [maximum] of 7,
and the maximum [minimum] of y,, and that there
are no other minima or maxima (v,<w,<0 would
lead to a minimum at an intermediate value
0 < 6, < m/2). Then (7" DImin=Ws and (7" )max=—WstVs-
For the homeotropic and planar texture the free energy
reduces to

Fy=F(0,0)=wo/2—vp/4 and ;
FP:F(TC/z, 7'5/2):WD/2_VD/4 ( )

respectively. The homeotropic [planar] texture corre-

sponds to a local minimum of Fif D < Dgl) {D < Dg)},

where
DD 1 1 1 1
er _ _ b (12)
K 76(0)  yp(0)  wo—vog wp
D® 1 1 1 1
= — 71 o = R (13)
K Vp(n/2)  v5(m/2)  wp—vp wo

Note that both Dg{) > 0 and Dg) > 0 if vy>0 or vp>0.

For D > max Dg{), Délr)) , both the H and P textures

are unstable and the minimum in F corresponds to a
distorted director field (NT type). It is also worth
mentioning that not all situations resulting from
equations (9) and (10) can be realized in the framework
of the model defined in §2. For instance, we have not
found any set of the model parameters that would yield
v,>0. However, another model of patterned substrates
could lead to a different correspondence between the
model parameters and the coefficients in equations (9)
and (10). We also emphasize that in order to relate the
present considerations to a model of patterned sub-
strates it should be assumed that the critical thicknesses
Dgl) and Dél? are large compared with the fundamental
wavelength of a surface pattern.

A standard bifurcation analysis reveals that the
transition from a uniform to a non-uniform texture
can be either first order or continuous, depending on the
parameters w,, v,. Expanding v, up to the fourth order
around 0O, =0 (homeotropic texture) or n/2 (planar
texture) and using the equation 0F / 90p =0 to express
0, as a function of 0p, we find that the order of the
transition is determined by the sign of the coefficient of
(Bp—émm)g term in the equation 0F/00,=0. This
coefficient involves the second and the fourth derivative
of y, at Omin and is given by

B= 7" (Ouin) [ (Ouin) /76 (i) ] =

S ! (14)
V/g/ (gmin>yg (Gmin) /V% (gmin) .
The transition is continuous if B>0, first order if B<0,
and B=0 corresponds to a tricritical point. Possible
topologies of the phase diagram are shown in figur-
es 6 (a)—(d). The phase diagrams are presented in the
(vplwp, Dwo/K) plane (here K/w, serves as the length
unit), for several values of wp and vo/wg. In figure 6 (a)
we observe a triple point, at which the phases H, P and
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NT coexist, and one tricritical point, at which the H-
NT transition changes from a first order to a
continuous one. The case of one triple point and three
tricritical points is shown in figure 6 (b). Here the P-NT
transition is continuous in some interval of vp/wp, hence
there are two tricritical points on the transition line. In
figure 6 (c) the continuous P-NT transition line termi-
nates at a critical end point on the first order H-NT
transition line. Finally, in figure 6 (d) there are only two
phases: P and NT, separated by a transition line with
one tricritical point. We note that the presence of first
order transition lines in these phase diagrams suggests
the possibility of switching between two states whose
energies are equal or close to each other.

4. Conclusions

We have applied the Frank—Oseen theory together with
the Rapini-Papoular surface free energy to nematic
liquid crystals (NLCs) confined between two substrates

1.5

WOD/K

0.5

NT /

wOD/K

s 3 1 05 0
‘DD/WD

possessing an alternating stripe pattern of planar and
homeotropic anchoring (figure 1). The total free energy
is minimized numerically, and phase diagrams as well as
effective anchoring strengths are determined with the
following main results.

(1) Figure 2 shown that the phase transition
between non-uniform tilted (NT) and uniform
homeotropic (Uy) textures of a NLC confined
between two identically patterned substrates
can be triggered by changing the shift ¢ of the
stripe patterns with respect to each other. The
location of the Uy—NT transition, as a function
of the anchoring strength, is almost independent
of ¢ for substrate separations D larger than the
periodicity of the stripe pattern p (figure 3).

(2) A stable Ug phase can also be found in the case
that one of the substrates favours a uniform
planar (U,,) texture or a tilted nematic director
(figure 4). The latter possibility is related to the

) /
0.3F 7 -
NT L
~ //
Q 0.2r // 4
[e)
2
_____________ p
0.1F H s
01 ' 0.2
DD/wD
4 M T 1 1 1
(d)
3- -
< NT
Q 2f //, .
Y e
1F ’//// P .
0= 05 0 05
DD/WD

Figure 6. Phase diagrams for a HNC with two effective homogeneous substrates (see text): the lower substrate favours the
homeotropic (H) texture and the upper favours the planar (P) texture. The anchoring energy functions are given by equations (9)
and (10) with wp/wo=1, vo/wy=0.3 in (a); wp/wo=1, vo/wu=0.13 in (b); wp/we=0.5, vo/w=0.6 in (¢); wp/we=0.5, vo/wy=0.5 in (d).
The solid and dashed lines show first order and continuous transitions, respectively, and the black circles mark the tricritical points.
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fact that in our model the surface free energy of
the interface between the NLC and the effective
homogeneous substrate, y,, deviates from the
Rapini-Papoular form.

(3) The effective anchoring strength of a single
periodically patterned and flat substrate vanishes
at Up-NT and U,,»,—NT phase transitions (fig-
ure 5). Using this effective anchoring strength, a
hybrid nematic cell (HNC) model can be used to
describe the phase behaviour of the confined
NLC for substrate separations D larger than the
periodicity of the stripe pattern p (figure 4).

(4) Rich phase diagrams, involving the NT, home-
otropic (H) and planar (P) textures are found
for a HNC with a 4th order polynominal form
for the surface free energy (figure 6). The
transitions between the phases can be either
first or second order.

Finally, it would be interesting to consider the effect of
surface roughness, superimposed on the stripe pattern, on
the phase transition between a uniform and a non-
uniform texture. We defer this study to a future work.
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Appendix

Discretization of the firee energy

For our purpose it suffices to discretize 0(x, z) only in
the x direction. Thus, we introduce N+1 functions:
8,(2)=0(x,, z), where x,=hn for n=0, ..., N, h=p/N and
90(z)=3n(2) (periodic boundary conditions). Then F is
given by (for simplicity we use the same symbols for the
discrete and continuous case)

n=0 *
N
gz< sm&

where wgf‘) =w,(z,), 957) =0y(z,), and «=0, D.
Minimization with respect to 9o(2), ..., $y—1(z) at fixed
boundary conditions at z=0 and z=D leads to the
following set of N equations

(P>sin295?>) (A1)

d’9,
dz?

h2(8s1 =28+ 8 1)+ =0. (A2)



16: 39 25 January 2011

Downl oaded At:

104 S. Kondrat et al.

A general solution of equation (A2) has the form of a
discrete Fourier transform

n(2)=Ao+(By—Ao) % +

Nl , Asinh[k;(D—z)] sinh (ki)
Zexp(%ml/m{ lsinh(lle) +Blsinh(kllD)}

(A3)

with wave vectors k,=2h" ' sin (n//N). The coefficients A,
and By are related to the boundary functions 851“) via the
inverse discrete Fourier transforms:

lNl

A= N 8 ) exp(—2miln/N)
Ad
o (A4)

B/ = v .9511)) exp(—2mniln/N).

n=0

Since 9 and 9”) are real we have for the complex
conjugates Aj=Ay_;and B; =By_;. Ao and B, are
the average director orientations (averaged over the
period p) at the two limiting surfaces. Substituting
equation (A3) into (Al) we obtain Fy in terms of the
Fourier components:

Kp [ (By—Ap)°
2

Fa({Ai}, {Bi}, N) = D

N-—1

+ Z klcoth(kzD)(|Az|2+|Bl‘2) (A5)

- Z kisinh ™" (k,D) (A, B; + A} By)

and because of equation (A4) Fy4 can also be considered
as a function of 2N independent surface variables
99 and 9P, This is actually more convenient than
expressing Fy in terms of Fourier components. Thus, we
have

0 D Kp (BO—AO)2
B({a )} ) =5 [P

Z_Z_)OHHN
n=0n'=0
)

%wwuww%

n n'

N—1N—
N?ZZVODn n', N) E, 851]

(A6)

2|

n=0n'=

where (for odd N)

Voo(m, N): VDD(WZ, N) =

NZ_I kicoth(k;D)cos(2nml/N) (A7)
I=1

V()D(m, N) = VD()(m, N)=

(A8)
Z k;sinh ™! (k;D)cos(2nml /N).

Semi-infinite system

The distortion free energy for a semi-infinite
system, which we denote by F§w>, can be obtained
directly from expression (A6) by taking the limit D—»
and 851D ) =0:

In this special case the limit V(Oog)(m)z
lim,, _ V,, (m) can be calculated analytically:
N—1
Ves (m, N)=">" kicos(2nmi/N)
=1 . (A10)
B (N/p)sin(m/N)
sin®(mm/N) —sin*(n/2N)

Making use of the identity 25;01 Voo(n—n')=0 and
assuming that n/N is small we find

(9(0)_9%2 (Al1)

n(n—n')/N]— (n/ZN)2

which in the limit of N— tends to

K
4]92

’ ,[ 0(x) — 0o (x))?
L“L i’ [r(—)/p]

lim F ({90} N)

N-wo

Thus, we have recovered the function F4[fy] for the
continuous case, derived previously by means of the
Green’s function method [24]. We note that a slightly
different discrete expression for F ) has been obtained
in [24] because it has been derlved directly from the
continuous expression (Al12). However, we have
checked numerically that this difference is negligible
provided N is sufficiently large.
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Determination of b’

To find the effective extrapolation length we express the
function y(x, z), see equation (5), in terms of a discrete
Fourier series

N—1
Vo(2) = (xn. 2)= > Aexp(2minl/N)exp(—kiz) (A13)
1=0
where
1=
— 9 exp(—2miln/N) (Al14)
N :0 miin

and I,DS)) =1,(0). Hence ,(z) satisfies equation (A2)
and the boundary condition dy,,(z)/dz=0 at z=. From
equations (5), (A13) and (A14) we find

=SV n—n', N
o (A15)
=K~ 'w® cos [20(()@ (x,,)} Y.

n

Note that M) = 45 = SN L y(©) / N.

n



